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The static properties of nematic liquid crystals are summarized. The mean field potential emerging 
from the static distribution function has been used to the hydrodynamic theory. Rotational viscosity 
coefficients have been investigated. The Parodi relation has been shown to be completely satisfied. 
Static and hydrodynamic properties have been predicted on the basis of one intermolecular poten-
tial. 

1. Introduction 

Within the framework of the mean field approxima-
tion it is possible to derive the description of a number 
of thermodynamic, static and hydrodynamic proper-
ties of nematic liquid crystals on the basis of the same 
intermolecular potential. As far as we know there is no 
united realistic microscopic theory which can describe 
simultaneously static and dynamic properties such as: 
order parameters, temperature of phase transition, 
elastic constants and viscosity coefficients. Such the-
ory can be obtained by unification of achievements of 
Sokalski and Ruijgrok in statics [1, 3] and Osipov and 
Terentiev in hydrodynamics [2]. It is the purpose of 
this paper to show some viscosity properties from the 
point of view of the abovementioned united theory. 

The starting point of this theory is the intermolecu-
lar potential of two interacting nematic particles. This 
is described in Chapter 2. The static single particle 
distribution function and static properties as, for in-
stance, Frank constants are introduced in Chapter 3. 
Chapter 4 shows the main ideas of Osipov and Teren-
tiev's approach to hydrodynamics. The unification of 
statics and hydrodynamic and numerical results of the 
rotational viscosity coefficients for MBBA are pre-
sented in Chapter 5. 

long axes are parallel to the unit vectors /ix and n2 is 
a function U (r, A, n1? n2), where r is the length of r and 
A is the unit vector in the direction of r. It has a well 
known general form of the Lennard-Jones type inter-
action: 

x ~ a 
U = 4s (2.1) 

Ruijgrok [3] came up with a modified form of cr, which 
is dependent on the orientation of molecules: 

ff = ffo + ffi(^ + ' n2)2 - o2 («! • n2f (2.2) 

where a0, a t , o2 are fixed parameters connected with 
the shape of molecules. The parameter e is the mini-
mum of the interaction energy multiplied by a factor 
which depends only on m and n. e, o0, av o2, m and n 
are the only parameters in the calculations and are 
determined by a fit to the experimental data for the 
elastic constants. Two interacting molecules are 
shown in Figure 1. 

The closest approach of two interacting molecules 
is due to the equipotential surface described by the 
equation: U = 0. This surface depends on the relative 
orientation of two molecules. If 6 is the angle between 
A and the positive z-axis, the equation for this surface 

2. The Intermolecular Potential 

The potential energy of two uniaxial molecules, 
whose centres are separated by a vector r and whose 
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can be written as 

r/o0 = \+2Sl cos2 (0) — S2 

for «j and n2 parallel to the z-axis 

(cTj =Sl • <r0, a2 = S2 • a0), 

and as 
r/o0 = \+S l 

for n, and n2 orthogonal to the z-axis. 

In the case of (2.4) the surface is a sphere with a radius 
proportional to 1 + S, . In Fig. 2 we have presented the 
cross section of these surfaces with the x — z axis plane 
for two relative orientations of nx and n2 for the 
parameters convenient for MBBA (51 = 0.55, S2 = 
-0.25). 

The closest approach is in accordance with the 
shape of the molecules. To find the exact relationship 
between the equipotential surface and the real molec-
ular structure is a very difficult task, and it is not 
known up till know. 

In Fig. 3 we have show the different regions into 
which the S, —S2 parameter plane can be divided. The 
requirement that two molecules have a positive dis-
tance of closest approach imposes the restriction 
S2 < 1. From the stability conditions it is found that in 
this diagram we have the following phases: 

1) no stable solution, 
2) antinematic phase, 
3) nematic phase, 
4) nematic phase (including disclike nematics), 

metastable phases P, C. They are described in [1]. 

The importat facts emerging from this diagram 
phase are: 

a) Potentials belonging to the first region describe in-
teractions between molecules which do not form 
any mesophase with translational symmetry. This 
means that this part of the parameter space con-
tains only the isotropic liquid to solid phase transi-
tion lines. In this respect that theory is much better 
then the Mayer-Saupe [4], McMillan [5], and Ro-
nis-Rosenblatt [6] theories which predict that an 
isotropic to mesophase transition is always possi-
ble. 

b) The theory is very sensitive to the potential 
parameters. A little change of the parameters, S1? S2 

near the boundary lines I - I I , I - I I I does not 
change the "shape" of molecules, whereas it may 
change the region of the parameter space. This 

s1=0.55 S2=-0.25 

orientations of n l and n2 for a molecule of MBBA. 

means that minor changes of electric charge distri-
bution around the molecule determine whether the 
phase can be mesogenic or not. 

c) The theory predicts different types of phases. 

All these arguments justify the mean field potential 
(Umin) which emerges from the theory of statics based 
on the Ruijgrok, Sokalski intermolecular potential. 

3. The Single Particle Distribution 
and Static Properties of Nematics 

In the paper [7] Stecki and Kloczkowski, following 
Onsager, have shown that for a system of elongated 
molecules the free energy can be given explicitly in 
the form of a cluster expansion containing the Mayer 
/-function fij=exp( — ßU^) — 1 and the single-parti-
cle distribution function g(r, n) which is a function of 
the position and orientation of the molecules. Nor-
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malization of this function is given by 

jg(r,n)drdn=N=V-d. (3.1) 

The formula of Stecki and Kloczkowski [7] reads 

ßF=\g{r,n) [log q (r, n) - 1 ] d r d n (3.2) 

- ! / 2 J / 1 2 Q ( » " l . W l ) e (r2> n2) d » " l d / I l dr2 d / l 2 > 

where higher order terms are neglected. 
The condition of minimum of free energy leads to 

an equation of the Hammerstein type: 

l o g g ^ ! , « ! ) - i f i 2 e ( r 2 , n 2 ) d r 2 dw2 = const. (3.3) 

For the undistorted nematic q is uniform in space 
and axially symmetric around a fixed direction and 
will be in general a function of cos 6 (where 6 is the 
polar angle of n). By introducing the function / (x) = 
4 71 
— q (x), which is normalized as j / (x) dx = 1, (7) can 

be written as 
l o g f i x j - d / l n J / ( x 2 ) ( 3 . 4 ) 

• [exp( — ßUl2) — 1] dr2 dn2 = const, 

where U12 is given by (2.1). The radial integration over 
dr2 = r2 dr dA can be performed, giving 

J [ e x p ( - ß U 1 2 ) -1] r2 dr = 1/3 <r3 B* (T*). (3.5) 
0 

The reduced second virial coefficient B* (T*) is a func-
tion of the reduced temperature T* = kT/s. Using the 
abbreviation 

A = -n/6a^B*{T*)d, (3.6) 

(3.4) becomes 

log f(x)-x\K (x, y) f (y) d y = const (3.7) 
0 

with the symmetric kernel (y = cos 0) 

K (x, y) = l/n2 J [1 + Sx (n, • A)2 + S, (n2 • A)2 

— S2(n1 • /i2)2]3 d(f>2dA. (3.8) 
The kernel can be represented by a polynomial of 
sixth order in x and y of the form 

K(x,y)= i ocijX
2iy2j. (3.9) 

i, j = 0 

The symmetric coefficients a f j are again polynomials 
in and S2 of order not higher than three (they are 
listed in [3]). 

The type of the kernel shows that y (x) = log / (x) 
must have the form 

/ (x) = c0 4- C J x2 + c2 x4 + c3 x6. (3.10) 

Writing 

K(x,y)=ix2i Gtiy) (3.11) i =0 

with 

Gi(y)=i<xijy2->, (3.12) 
j=0 

the equation for the coefficients cf becomes 

ct = X J Gj (y) exp (c0 + y2 + c2 y4 + c3 y6) dy, (3.13) 

0 = 1,2, 3). 

These together with the normalization (3.1), which 
now reads 1 = j / (y) dy, determine the distribution 
function completely. It should be remarked that the 
(uninteresting) uniform distribution f (x) = 1 is always 
a solution of (3.7) for any value of a. There is a critical 
value of a, to be denoted by Xc, at which a nontrivial 
solution makes its appearance. Since the order param-
eter 

< P 2 ) = f P 2 ( x ) / ( x ) dx (3.14) 
0 

shows a discontinuity at this point, the temperature Tc 

corresponding to this Xc according to (3.6) will be 
identified with the experimental value of the critical 
temperature. The critical value of a corresponds to the 
crossing point of the free energies for the isotropic and 
nematic solutions. 

In Fig. 4 the distribution function for MBBA ac-
cording to theory and experiment is compared. 

Figure 5 shows the order parameters P2 and P4. 
Poniewierski and Stecki [13] have shown that in the 

mean field approximation the elastic constants for 
splay, bend and twist are given by the following inte-
grals over orientations and the relative distance 
u=rl—r2 of two molecules: 

(3.15) 

(3.16) 

(3.17) 

Kx = kT/2 J U 2 c0 («, «!, n2) Q'0 (COS 0x) Q'0 (COS 02) nlx n2x dnx dn2 du, 

K2 = kT/2 j 

^x Co ni> "2) 80 (cos 6j) (cos d2) nly n2y d/ij dn2 du, 

K3 = k T/2 J u2 c0 («, nu n2) g'0 (cos 0 J q'0 (COS d2) nlx n2x dnx dn2 du. 
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Fig. 4. Distribution function / ( c o s 6) for MBBA; filled cir-
cles from Raman measurements; dashed lines from the the-
ory of [8]; solid lines from our theory. 

T c - T ( ° C ) 
Fig. 5. Order parameters <P2> and <P4> for MBBA; solid 
lines from our theory; dash-dotted lines: results from Mayer-
Saupe theory [4]; dashed lines from the theory of [8]; filled 
circles from Raman measurements [9]; open circles from 
NMR measurements [9]; open squares from measurements 
of the optical anisotropy [9]; inverted open triangles from 
measurements of the magnetic anisotropy [9]; open triangles 
from [10]; filled triangles (see [9]); crones from [11]; filled 
squares from [12], 

Here g'0 = d0o(.x)/d.x is the derivative of the single-
particle distribution function for the undistorted sys-
tem as calculated above. The direct correlation func-

t i 0 n PßF 
c0 (u,n1,n2) = 

ÖQ{ni)ÖQ{n2 
(3.18) 

is in the present approximation, where higher order 
terms in (3.2) are neglected, given by c0(u,nvn2) = 
e x p ( - / ? t / 1 2 ) - l . 

The Frank constants can be calculated using these 
expressions. The numerical results and the compari-
son with experimental data are shown in Figure 6. 

Since the single-particle distribution function 
should have the form of exp (— ß Umin) we can regard 
our x(x) = c0 + c1x2 + c2x* + c3x6 as the mean field 
potential multiplied by the factor —kT, 

X = (-kTUmin), (3.19) 

which is crucial in the kinetic theory and hydrody-
namic properties. 

4. Hydrodynamics 

The hydrodynamic theory of nematic liquid crystals 
formulated by Leslie and Ericksen is determined by 
the corresponding viscous stress tensor 

= nß ne n^lAlie + oc4Aaß + cc2naNß + ix3 nßNx 

+ <x5nanllAllß + oi6nßnflAfia, (4.1) 

where Aaß = l/2(dx vß + dß va) is the symmetrical part 
of the flow velocity gradients. The possible rotations 
of the system are reflected by the vector Na = 
na — (co x n)a, where co = l /2 rot v is the flow rotation 
angular velocity. 

The viscosity constants — a 6 , the so called Leslie 
coefficients, are typical for the nematic phase. In the 
isotropic phase all of them vanish except a 4 , which 
becomes the isotropic shear viscosity coefficient. The 
Leslie coefficients must satisfy the general Parodi rela-
tion 

a 2 + a 3 = a 6 - a 5 . (4.2) 

This means that there are five independent coeffi-
cients. Three of them are connected with the symmet-
rical part of the viscous stress tensor and the other two 
with the antisymmetrical part 

<T = \ ("/»K - n* Nß) + y (nß nß A»* ~ K nß Aßß), 

7l = «3 y2 = a 6 - a 5 . (4.3) 
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Fig. 6. Elastic constants for MBBA; solid lines from our 
theory; circles from [14]. 

The coefficients y determine the viscous volume 
torque on the molecules. The coefficient y, is charac-
teristic for the viscous torque associated with the an-
gular velocity of the director while y2 gives the contri-
bution to this torque due to the shear velocity in the 
liquid, y, is a very important parameter in electro-op-
tic applications employing an LC because the re-
sponse time of the LC device is proportional to yl5 and 
therefore this coefficient is of special interest. The y's 
are closely related to the flow-alignment angle 9 de-
fined as the angle between the direction of flow and 
the director under stationary shear flow 

cos 29 = —yjy2- (4.4) 

Several theories have been developed in an attempt 
to account for the origin of the viscosity of an LC. 
They are summarized in [15]. However these theoret-
ical results are not yet completely satisfactory. Some 
models fit certain LC's but fail to fit others. None of 
them is connected with the theory which predicts the 
static properties of nematics. Recently Osipov and 
Terentiev (OT) developed a microscopic theory for 
describing the origins of LC viscosities. However, 
since they have not been able to use the proper mean 
field potential, their results are not completely satis-
factory either. In this chapter the main ideas of the OT 
theory are introduced. The major purpose is the calcu-
lation of the nonequilibrium distribution function 
which characterizes the statistical properties of the 

flowing nematic. Then the viscosity coefficients of an 
LC can be obtained by averaging the microscopic 
stress tensor. The expression for the microscopic stress 
tensor for a liquid composed of anisotropic molecules 
has the following form: 

asym _ -
1 SLL 8t/mi„ 

6 af 

'aß 
P2- 1 
P2 + 1 

3kT{axaß-\/3öxß) 

1 
+ 2 

öt/„ 
dar. + 

6 LL 
6 a . 

(4.5) 

1.00 

This formula is derived using the method introduced 
in paper of Kuzuu and Doi [16]. The angle depen-
dance of this microscopic stress tensor is described by 
the orientation of the long molecular axis with respect 
to the direction n which is determined by the polar (6) 
and azimuthal [<p) angles, (4.6) 
a = n cos 6 + e sin 6, ex = cos (j), ey = sin </>, ez = 0. 

It should be noted that the equilibrium one particle 
distribution function depends only on 6. As far as the 
flowing nematic in the molecular field approximation 
is concerned the nonequilibrium single particle distri-
bution function must depend on both angles / (9,</>). 
In the case of small velocity gradients this function can 
be written in the form f=f0(l +h), where f0 is the 
local equilibrium distribution function and the small 
correction h is proportional to the velocity gradients. 

The general expression for h should have the form 

h = Q0nx nß Axß+gs nx eß Axß 

+ QaK^ß9 a
Xß+Q2e aeßAx ß . (4.7) 

The macroscopic stress tensor can be written as an 
average of the microscopic form: 

a * ß = \ f o h ^ ß d a . (4.8) 
Comparison of this form of the stress tensor with the 
form proposed by Leslie and Ericksen yields the corre-
sponding Leslie coefficients provided the functions ^'s 
in the correction h are known. The stationary correc-
tion h to the equilibrium distribution function / 0 can 
be calculated with the help of the appropriate kinetic 
theory. With the assumption that the microscopic 
molecular motion in an LC can be considered as a 
rotational Brownian motion in the mean field poten-
tial the following kinetic equation determines the 
nonequilibrium distribution function: 

/+ e 8k(fQk) = e2 dk(dkf-rk/kTf), (4.9) 
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where the differential operator dk = ekijaid/daj de-
scribes the infinitesimal rotation of the long molecular 
axis a, and Ffc = — dk Umin (a • n) is the moment of the 
force acting on the molecule in the mean field. The 
average velocity has the form 

P2- 1 a x (A • a) — a x (g • a) (4.10) 
P + 1 

and e, which is the ratio of two characteristic relax-
ation times of the system, is a small parameter of the 
theory. 

Using this theory, the expressions for y's will have 
the form 

= const j7 o 8U m i n /60e a d(cos0) , (4.11a) 

y2 = const j / 0 8Umin/60 <?, d (cos 0), (4.11 b) 

where the functions ga and gs can be obtained from the 
kinetic equation in the form 

0.12 

e,(0) = c f <r* ( x ) /sinx J ex(z) sinz 
o o (4.12 a) 

1 p 2 - l , 
o./sin z-l R { 5 / / Ö Z cos 2z —3 sin2z} 

£ p + 1 
0 x 

ga(9) = C J e~x<x)/sinx j V ( z ) sinz 

£?a/sin2 z— y8 / /8z (4.12 b) 

where C is a constant. 
Results of applying the mean field potential from 

statics to these expressions are presented in the next 
chapter. 

5. Rotational Viscosity for MBBA 

By application of the mean field potential Umin 

(3.19) for MBBA to (4.12 a, 4.12 b) and then (4.11a, 
4.11 b) we have obtained the rotational viscosity coef-
ficients and y2 characteristic for MBBA. The ob-
tained temperature dependence and the experimental 
data from [17], which are recommended as model 
data, are shown in Figure 7. The agreement theory 
and experiment is very good. In Fig. 8 the temperature 
dependence of the extinction angle 6 is presented (cf. 
4.4). The dashed line presents results of Osipov and 
Terentiev theory from paper [18]. The intermolecular 
potential they have used leads to the best agreement 
with experiment values of the extinction angle about 
15%. Moreover it is not checked if this potential really 
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Fig. 7. Viscosity coefficients yx and y2 for MBBA versus the 
reduced temperature (FR); solid lines from our theory; circles 
from [17], 

describes a mesophase state and gives a nematic solu-
tion. In our case we are completely sure that our 
potential describes a nematic. Moreover we can pre-
dict all static properties for it as was summarized 
above. The ratio p = length/width, which is obtained 
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0.96 0.98 
TEMPERATURE 

Fig. 8. Extinction angle 0 for MBBA (cos 2 0 = — yY/y2); solid 
line from our theory; dashed line from OT theory (see [18]); 
dots are taken from [17]; triangles are from [19]. 

the expression for a2 + oc3 in the following form 

a2 + a 3 = const kT j / 0 [ 3 s i n ö cosö (5 j) 

+1/2 dUmJdd cos 26] d (cos 6). 

On comparing numerical values for a2 + a 3 with y2 we 
have obtained almost the same curve, which means 
that the Parodi relation is fulfilled exactly. This Par-
odi relation is shown in Figure 9. All these calcula-
tions have been done under the assumption that the 
small parameter e in the kinetic equation has the form 
e = g0 k T, where £0 is treated as a fitting parameter. £ 
is the same for all calculations. It is found to be £0 

= 1690 1 /J. Only then we obtain such an agreement 
with experimental data as shown in the figures. The 
origin and physical meaning of £ is not discussed here. 
It should be noted that the main dependence on 
microscopic molecular parameters appears indirectly 
in the distribution function / 0 and in the mean field 
potential Umin, not in the structure of small param-
eter £. 

6. Conclusion 

1.00 

Fig. 9. Parodi relation for MBBA from our theory; solid line: 
oc2 + a 3 ; dashed line: y2. 

from OT theory, is about 2.5, while it is expected to 
be 5. S. T. Wu and C. S. Wu [18] explain this fact by 
supposing that two MBBA molecules form a rotating 
cluster or dimer, however there is no experimental 
evidence about it. In our consideration it equals 4 and 
is independent of temperature. Of course there is no 
perfect agreement but we must remark that the fit of 
the parameters S, and S2 for MBBA was done inde-
pendently some years ago taking into account static 
data for MBBA. It is probable that this fit can be 
improved to the extent that the theory would predict 
completely satisfactory values of the nematic proper-
ties. The check of accuracy of our calculations is a 
check of the Parodi relation. From the analysis of the 
symmetrical part of the stress tensor one can obtain 

On the basis of the same intermolecular potential, 
static and hydrodynamic theories are successful in the 
following areas 

a) Static theory [1] predicts properly such properties 
as: order parameters, distribution function, temper-
ature of the phase transition, elastic constants and 
equipotential surfaces for molecules in different ne-
matics including disclike ones. Moreover it predicts 
new types of nematic mesophases. 
Within the S, — S2 parameter space there are areas 
where only the transition isotropic-solid state is 
possible, contrary to other theories which predict 
that isotropic-mesophase transitions are always 
possible. 

b) Rotational viscosity coefficients for MBBA calcu-
lated with the hydrodynamic theory and based on 
the mean field potential emerging from the statics 
are in a very good agreement with experimental 
results. 

The disagreement between theory and experiment 
for the values of the extinction angle, which is the most 
sensitive for the accuracy, is about 3%. 

The parameter p = length /width is found to be 
about 4, while it is supposed to be 5. From results of 

-0.10 -1 

- 0 . 0 6 -

- 0.02 

0.94 
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o t h e r theor ies it is p red ic ted to be a b o u t 2, h o w e v e r 
the re is n o e x p e r i m e n t a l ev idence a b o u t tha t . 

T h e i n t e r m o l e c u l a r po ten t i a l which was used t o 
der ive the m e a n field po ten t i a l was f o r m e d to lead to 
n e m a t i c so lu t ions , while in the case of o t h e r theor ie s 
as for i n s t ance [2] we can n o t be sure if the p o t e n t i a l 
is a real n e m a t i c po ten t ia l . 

T h e P a r o d i r e l a t ion in o u r case is fulfilled exactly. 
T h e r e is a cons i s t en t c o n n e c t i o n be tween stat ics a n d 

h y d r o d y n a m i c s t h r o u g h the m e a n field potent ia l , a n d 
as a m a t t e r of fact the s a m e i n t e r m o l e c u l a r p a r a m e t e r s 
S i a n d S2 d e t e r m i n e the s ta t ic a n d h y d r o d y n a m i c 
p r o p e r t i e s of nemat i c s . 
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